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Annotatsiya
Keyingi yillarda chet el va mamlakatimiz olimlari ikkinchi tartibli aralash tipdagi tenglamalar uchun
turli masalalarni yechishning samarali usullarini o‘rganish va izlashga alohida e’tibor gqaratmoqda.
O‘rganilayotgan masalalar hayotda elektromagnit to‘lginlarini tarqalishida, optimal boshqaruvda,
tuproq namligi va namlik darajasini boshqarishda va uzoq muddatli baholashni tahlil qilishda
go‘laniladi.

Kalit so’zlar: ikkinchi tartibli, tenglama, elliptic-giperbolik, elektromagnit to’lginlari, chegaraviy
masalalar

AHHOTaMA

B nocneHue roapl 3apybexkHble U OTeYeCTBEHHbIE YUeHbIe Y eS0T 0c060e BHUMaHUe U3YYEHUIO U
NOUCKY 3$PEeKTHBHBIX METO/O0B pelleHUsl Pa3UYHbIX 3aay [Jis YpaBHEHHWH CMeLlaHHOTOo TuIa
BTOPOTO 1NopdAAKa. HM3ydyeHHble BOINPOCHI HAxoAAT NpPUMEHEHHWE B  PACHpOCTPaHEHUH
3JIEKTPOMArHUTHBIX BOJIH, OITUMa/IbHOM YIIPaBJIEHWH, YIIPABJIE€HUU BJIAXKHOCTBIO MIOYBBLI U YPOBHEM
BJIQXKHOCTH, a TaKXe J0JIT0CPOYHOM aHaJIM3e OLLeHOK.

KiroueBble c/10Ba: BTOPOU MOPSAA0K, YpaBHEHUE, SJJIUIITHKO-TUIIEPOOJINIECKOe, 3JIEKTPOMAarHUTHbIE
BOJIHBI, KpaeBble 3a/jayHU.

Abstract

In recent years, foreign and domestic scientists have been paying special attention to studying and
searching for effective methods of solving various problems for second-order mixed type equations.
The issues studied have applications in electromagnetic wave propagation, optimal management, soil
moisture and moisture level management, and long-term assessment analysis.

Key words: second order, equation, elliptic-hyperbolic, electromagnetic waves, boundary value
problems
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Ikkinchi tartibli aralash elliptik-giperbolik, parabolik-giperbolik va parabolik-elliptik tipdagi
tenglamalar uchun qo‘yilgan chegaraviy masalalarni yechishga bo‘lgan qiziqish o‘tgan asirda ham
kiyingi yillarda ham o‘rganilmoqda. Shu o‘rinda M.S. Salaxitdinov, T.]. Jo‘raev, V.N. Vragov, L.A. A.M.
Naxushev, K.B.Sobitov, Zolina, X.G. Bjixatlov, A.Sopuev, M.Mamajonov, 0.A. Repin, V.A. Eleev, D.
Bazarov, A. O. Sopuev [38-39], B. Islomov, Z. Madraximovalarning ilmiy ishlarini ta’kidlashimiz

mumkKkin.

1961 yildan boshlab A.V. Bitsadze va M.S.Salohiddinov tomonidan uchinchi tartibli aralash-qo‘shma
eliptik-giperbolik tipdagi tenglamalar uchun korrekt chegaraviy masalalar o‘rganilgan. Ikkinchi va
uchinchi tartibli parabolik-giperbolik tipdagi tenglamalar uchun ekstemum printsibi va integral
tenglamalar usullaridan foydalanib local va nolocal masalalar M.S. Salaxitdinov, T.J. Jo‘raev, A. Sopuev,
M. Mamajonov tomonidan o‘rganilgan.

1978 yilda M.M.Xachev tomonidan Lavrentev -Bitsadze tenglamasi uchun to‘rtburchakli sohada
Dirixle masalasini bir qiymatli yechilishi isbotlangan. Bu yo‘nalish ushbu maqoladan so‘ng hech bir olim
tomonidan rivojlantirilmadi. 2007 yildan boshlab esa K. B.Sabitov va uning o‘quvchilari, E. P.
Melishevalarning ilmiy ishlarda to‘rtburchakli sohalarda spektal analiz usullaridan foydalanib turli xil
chigaraviy masalalar (Dirixle, Neyman va nolokal) yechilgan.

Ikkinchi tartibli parabolik-giperbolik tipdagi tenglamalar uchun to‘rtburchak sohada qo‘yilgan teskari
masalalar K. B.Sabitovva P. M. Ca¢uHn tomonidan o‘rganilgan. Tenglamaning parabolik qismida Caputa
ma’'nosidagi kasir tartibli operator qatnashgan parabolik-giperbolik tipdagi tenglamalar uchun
qo‘yilgan chegaraviy masala spektal analiz usullaridan foydalanib B.L.Islomov va Y.Il. Y6aiaynaes
magqolasida o‘rganilgan.

Bizga m'lumki, to‘rtburchak sohada ikkinchi va uchinchi tartibli yuklangan elliptik-giperbolik tipidagi
tenglama uchun qo‘yilgan masalani tahlil qilish hozirgacha yaxshi o‘rganilmagan. Shu sababli, maqola
mavzusi dolzarbdir.

To‘g'ri to‘rtburchak sohada yuklangan qismida izlanayotgan funksiyaning ikkinchi tartibli hosilasining
izi qatnashgan ikkinchi tartibli elliptik-giperbolik tipdagi tenglama uchun chegaraviy masala.

Lu =u,, +signyu,, —b*u(x, y)+ u(y) u,(x,0)=0 (1)
aralash tipdagi yuklangan tenglamani D ={(X,y): 0<x<1, —a@<Yy</f} sohada qaraymiz(1-
chizma), bu yerda b, >0, f>0 - berilgan haqigiy sonlar, agar y >0 bo‘lsa u(y)=—4y, agar
y <0 bolsa u(y) =, 1 (1=12)—o'zgarmaslar.

1. Ikkinchi tartibli yuklangan elliptik-giperbolik tipdagi tenglama uchun chegaraviy masalani qo‘yish
Quyidagi belgilashlarni kiritamiz: J ={(X,y):0<x<1, y=0},

D,=DM {(x,y): x>0, y>0}, DZ:Dﬂ {(x,y):x>0,y<0}, D= DlUD2UJ.

1- Masala. D sohada u shbu

u(x,y)ecl(lj)mCZ(DluDz), u,(x,0)eC(,uQ,); 2)
Lu(x,y)=0, (x,y)eD,uD,; (3)
u@O,y)=u@y)=0. —a<y<p; (4)

ux, ) =e(x), u(x,—a)=w(x), 0<x<I (5)
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shartlarni ganoatlantiruvchi U(X,y) funksiya topilsin, bu yerda y/(X), @(X)— berilgan etarlicha

sillig funksiya,
9(0) =) =y (0) =y (1) =0. (6)

y 1
S u

Dl
u u

X
D2
u
1-chizma.

2. Ikkinchi tartibli yuklangan elliptik-giperbolik tipdagi tenglama uchun chegaraviy masala
yechimning yagonaligi
Teorema 1. Agar 1-masalani U (X, y) yechimi mavjud bo‘lsa, u holda bu yechim yagona bo‘ladi

faqat va fagatgina barcha N € N uchun

Aozﬂ(n) = Wjoﬂ[ﬂlﬁln (8) _pnChpnﬂ] +

shp, p

n

+ [yzﬁm (—a)— pnCOSpna} =0 (7)

shart bajarilganda, bu yerda H,, (/) va H,,(—a) funksiyalar kiyinchlik aniglanadi.
1 - teoremaning isboti. 1-masalani ikkita U, (X,t) va U,(X,t) yechimi
mavjud bo‘lsin. U holda ularning U(X, y) = Ul(X, y)—uz(x, Y) ayirmasi (1) tenglamani va bir jinsli

shartlarni qanoatlantiradi:

u(x,—0) =u(x,+0), (x,0)eJ, (8)
limu,(x.y)= limu,(x ), (x.0)eJ, ©)
u@©,y)=0, u@y)=0, —-a<y<pg, (10)
u(x,—a)=0, u(x,5)=0, 0<x<1. (11)
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Ma'lumki, L, [0,1] da {Xn(x)}‘:)_ol :{ﬁsinﬁ nx}rw1 funksiyalar to‘liq ortonormal sistemani tashkil
= n=

qiladi [23], [25]. [36] va [37] ishlarning g‘oyasiga ko‘ra quyidagi integral ifodani garaymiz:

1
U, (Y)=Ju(x,y)X,(x)dx, —a<y<pg. (12)
0
(12) ga asoslanib, quyidagi funksiyani kiritamiz
l-¢
Un,e (¥)= [ u(xy) X, (x)dx, (13)

&g

bu yerda & —yetarlicha kichik son.
(13)ni ye(—a,0) (0, p) da Y bo'yincha ikki marta differensiallb, so'ngra (1) tenglamani
hisobga olgan holda quyidagiga

()= T Uy (X)X, (x)dx=

= 1]g[bZU(x, y) + 44U, (x,0) U, (X, y)} X, (x)dx, 0<y<p, (14)

1-¢

07, (9)= 1 Uy 0u9)X, (x)dx=

&

l-¢
[ [uxx(x, y) —b2u(x,y) + yzuxx(x,O)} X, (X)dx, —a<y<0 (15)
&
ega bo‘lamiz, buyerda X, (x)=+2sin4,Xx, A,=zn, neN.
Bundan, (14) va (15)ning o‘ng tomonidagi integrallarni ikki marta bo‘laklab integrallaymiz
va & — 0 intiltiramiz, so‘gra (10) ni hisobga olgan holda quyidagini

u'(y)—piu (y)=—A2u (0), 0<y<p, (16)

ur(y)+piu,(y) =—,A%20,(0), —a<y<0 (17)

hosil gilamiz.
(16) va (17) differensial tenglamalarning umumiy yechimi quyidagi

/ulﬂ’ﬁ y
cachp, y +d, shpny—p—cnj'shpn(y—t)dt, 0<y<p,
0

u (y)= " (18)
oy O

anfsinpn(t— y)ydt, —a<y<0,
y

anCosp. Yy + B, sinp,y -

n
ko'rinishda bo‘ladi, bu yerda ¢«,, f,, C,, d, —ixtiyoriy o’zgarmaslar.
(2)va(12) gako'ra

u,(0+0)=u,(0-0), u,(0+0)=u/(0-0)
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ni e tiborga olib, (3.18) dan
. do=4. (19)
(19) ni (18) ga qo'yib, quyidagini
y
c,chp,y +d, shp,y —“L 22, [shp, (y—t)dt, 0<y<p,
0

() = " 20)
c.cosp,y +d._sinp y -2 22 [sinp, (t-y)dt, —a<y<0
y

n

hosil gilamiz, buyerda C,, d, lar ixtiyoriy o‘zgarmaslar.

Endi C, va d, o‘zgarmaslarni (5) shart va (12) formuladan foydalanib topib olaviz:

un(ﬂ):iu(x,ﬂ)xn(x)dx:}go(x)xn(x)dx:gon, (21)
un(—a):iu(x —a) X, (X)dx = jl,/(x)x (Od=v @

(21) va (22) ko‘ra (20) dan quyidagi sistemani

Vif
c,chp, B +d, shp, B L %, [shp, (B-t)dt = @,
Pn O 23)

N WY

0
c,cosp,a—d, sinp a °c, [ sinp, (t+a)dt =y,

n

olamiz, bu yerda
1 ) 1 )
= \/Ejgo(x)smnnx, W, = \/Ejz//(x)sm;rnx. (24)
0 0
(23) sistemani yechish uchun uning diterminantini topamiz:

7
chp, B —p—liﬁ Hy,(8)  shpp

Az(n) = =—chp Bsinp a—shp Bcosp a -

cosp a——/12H2n( a) —sinp a
)

1/12H1n(ﬂ)smp a+2 izHZn( a)shp f,
Py Py

0

B
bu yerda H, (8) = Ishpn (B —t)dt, H,, (—a) = I sinp_(t+a)dt.

-a

Bundan, barcha N € N uchun

A,,(n)= S’":Oﬂ[ wh, (B)-p,che, B+
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sho Br -
+ p [,uZHZH(—a)—pnCOSpna];tO (7)
n
o‘rinli, bu yerda
B 0
A, (B) = A2 j shp (B-t)dt,  Hy,(~a)=A2 j sinp, (t+a)dt. (26)
0 -
(25) ga ko‘ra (23) sistemani yechimi ni topamiz:
1 .
C,=—= sh +@,Sinp,a], 27
TS [wnshp, B+ @sinp,a] (27)
1 ~ -
d, = W[% (pocospuar+ iy, (-a)) -, (prchp B+ 1 (B) | (28)
off n

(27) va (28) ni (20) ga qo'yib, U, () ni ko'rinishini topamiz:

Cn{Chpny_pﬂﬁln(ﬂ):l'i'dn Shpny’ OSySIB’
n

un(y) =

C, {cos,ony—ﬁflz“(—a)}dn sinp,y, —a<y<O0

n

yoki

1 . ~ -
~ [l//nShpn:B-l'q)nsmpna] pnChpny_ H n(ﬂ) +
Aaﬂ(n)pn { [ A -

+[¢n (pnCOSpn(Z + :uzl:Izn (—0()) —V, (pnChpn:B + /u11:11n (ﬂ))

she,yf, 0<y<p, 29

{[V/nShpnﬁ + (/)nSinpna] [pncospn Y- 4 Hzn (—(Z)_ +

A, (Mo,

+|:¢n (pncospna+ﬂ21:12n (—(Z))—!//n (pnChpnﬂ+ﬂ1H1n (ﬁ)): Sinpny}v —asys< 0.

Shunday qilib, U, (Y) funksiyalar yagona aniglangan, bu bizga 1 masala 1 teoremasini isbotlash
imkonini beradi. Agar barcha N € N uchun (7) sart bajarilsa va u(X, y) birjinsli (8)-(11) masalaning
yechimi bolsa, u holda ¢, =y, =0 va (27), (28) ni e'tiborga olib, (12) va (29) dan un(y) =0ni
olamiz. Bundan va (12) formuladan ixtiyoriy Yy € [— p, q] da quyidagiga ega bo‘lamiz:

1

fu(x,y)X,(x)dx=0, -a<y<pf, neN={L2...} (30)
0

0
n=

(30) dan {ﬁsin ﬂnX} . sistemani L, [0,|] fazoda zichligidan[56], deyarli barcha X € [0,1]

uchun va ixtiyoriy Yy € [—a,ﬂ] da u (X, y) = 0 bo'lishi kelib chiqadi. (2) ga ko‘'ra u(x,t) funksiya D
da uzluksiz bo‘lganligi uchun, D da u (X, y) = 0 bo'lishi kelib chigadi.
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Demak, 1 masalaning yechimi (7) shart bajarilganda yagonadir.
1 - teorema isbotlandi.
Qandaydir «, £ va n=Kk,keN sonlar uchun (7) shart buzilsin, ya'ni

Aaﬁ,(k) =0. (31)
(7) dagi Aaﬂ (k) HM KyHUJaryd KypuHuuiga upoganammus|[52, 61 bet],[35]:
s B . epkﬁ
Aaﬂ(k):—e k Rk(,B)Sln(pka+vk)+p—a)k(a,,3), (32)
k
bu yerda
ok ch2p, B sh
R (B) =41+ © = —, v :arcsin&. (33)
2" e Jh2p
H., (—a)shp, S
o, (o, f) = ,,k,; H1k (B)——= 7 . (34)
Shuni takitlash lozimki, barcha >0, Kk >1da(33) va (34) ifodalar chegaralangan[35]: agar
_ shp B V4
k — o0 bo'lsa, v, =arcsin——=—= — ~ bo'ladi,
: jch2 pB
1
—<R <1, (35)
\/E K (ﬂ)
o
o, (@.p)| < B <, (36)

Quyidagi natijalar o‘rinli:
1-Natija. Qandaydir p,q va n=Kk, ke N sonlar uchun (7) shart buzilsin, ya’ni qu (k) =0

bo‘lsin, u holda (8)-(11) bir jinsli masala notrivial yechimga ega bo‘ladi:

u, (X,y) =u,(y)sinzkx, (37)
bu yerda
k h ~y)-uH h
ﬂmﬂﬂﬂsﬂw Y)-uH,, (B)shp,y |+
y 0,
Lk Hlk (y) y > O’
o (38)

u (y)=

0 ~
k| —p shp Beosp y—(uH, (B)-p.chp B)sing y |+
pkshpkﬁ[ PN, SC0sp,y (,ul w (B)=py Pkﬁ) pky}

no .
+—L£H, (y), y <0,
Py
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6’k # 0 —ixtiyoriy o‘zgarmaslar.

(31) gakora (38) dan quyidagini olamiz:
u()=0, u (-a)=0.

2-Natija. Cheksiz ko'p k€[l * uchun Aaﬁ(k) =0 tenglik o'rinli bo‘lsa, u holda bunday K lar

uchun 1-masala yechimi nokorrekt bo‘ladi.

Shuning uchun ushbu maqola mavzusida to‘rtburchak sohada ikkinchi tartibli yuklangan elliptik -
giperbolik tipidagi tenglama uchun qo‘yilgan  masalalarni yagonaligi, mavjudligi va turg‘nligi
o‘rganilgan.

Magola mavzusidan olingan natijalar nazariy ahamiyatga ega bo‘lib, keyinchalik ikkinchi va uchinchi
tartibli yuklangan elliptik -giperbolik tipidagi tenglamalar nazariyasini rivojlantirishda, hamda bu
tenglamaga keltiriladigan amaliy masalalarni yechishda qo‘llash mumkin.
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